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This paper treats the quasilinear, parabolic boundary value problem 
%X - 241 = -f(x, t, 14) 
40, t) = T,(t); 46 t) = 9)3(t) 
on an infinite strip {(x, t) ( 0 < x < C, - m < t < W] with the functions 
fb, t, 4, n(t), 4) being P eriodic in t. The major theorem of the paper 
gives sufhcient conditions on f(~, 1, U) for this problem to have a periodic 
solution U(X, t) which may be constructed by successive approximations -&h 
an integral operator. Some corollaries to this theorem offer niore explicit 
conditions on f(x, t, U) and indicate a method for determining the initial 
estimate at which the iteration may begin. 
1. INTRODUCTION 
In this paper we shall be concerned with the quasilinear boundary value 
problem 
-bM = %z - l.41 = -f(q t, u) (1.1) 
40, t) = &>, q, t> = 9)2(t) u4 
on the infinite strip 
f2 f {(x, t)l 0 < x < e; -co < t < co}. 
Our goal in Theorem 3.1 is to give sufficient conditions that insure that 
problem (l.l), (1.2) has a solution U(X, t) which is periodic in t and to establish 
an iterative procedure by which U(X, t) may be approximated. General 
existence theorems for this problem have been given by Fife [2], Prodi [g], 
Kusano [5] and [6], Vaghi [ll], and others. Most of these papers, however, 
consider only the situation where v1 z yg z 0 and none of these give attention 
to the question of the construction of a solution. Using a caplygin type of 
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iteration similar to that successfully used by Pak [7] and Schmitt [9] for 
their investigations in ordinary differential equations and later by Bange [I] 
for parabolic equations on cylindrical domains, we are able to give a construc- 
tive existence theorem. 
For practical considerations, it would be desirable to have another theorem, 
less general then Theorem 3.1, giving explicit conditions on the behavior 
of f(~, t, U) that insures the existence of a constructible solution and also 
gives the initial estimate for the iteration. By using results of Gaines [3 and 4] 
for upper and lower solutions to two-point boundary value problems, we are 
able to prove two such corollaries of Theorem 3.1, 
2. PRELIMINARIES 
We shall let R, denote two-dimensional Euclidean space with (x, t) a 
generic point of R, . For points P = (x, t) and P’ = (x‘, t’), we define the 
parabolic distance from P to P’ to be the metric 
d(P, P’) E (1 x - x” 12 + 1 t - t’ j)l/S. 
Following usual notation, we introduce the following norms on a function 
U(X, t) defined on a set A in R, : 
where 0 < u < 1. W’e shall say that u(x, t) is an element of Holder class 
O’(A) in case j u 1,” < c(j for 4 = 0, U, 1 + o, 2 + u. We shall let C&A) 
denote the subspace of G(A) whose elements are periodic in t with period T. 
A function Jz(y, ,z) is said to satisfy a Holder condition in y with exponent 
oonaset Y X Zincase 
I JqY, 4 - YY’, 41 < H ! Y - Y’ I0 (2.1) 
for all (y, z), (y’, x) E Y x Z, for some constant H which may depend on x. 
In case (2.1) holds for some H independently of x E Z, we say that h satisfies 
a Holder condition in y, uniformly with respect to a. In case (2. I) holds with 
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u = I, h is said to satisfy a Lipschitz condition in y or to be Lipschitz 
continuous in y. 
We shall let S denote the Banach space of functions U(N, t) which are 
periodic in t of period T, continuous on A? (the closure of a>, and havmg a 
continuous partial derivative with respect to x on 8. We define a norm 
011 s by 
We shall have need for some facts about Green’s functions for parabolic 
equations. In particular it is well-known that on a rectangular domain the 
parabolic operator 
L&L] E u,, - Ku-zlu, =O,K>O 
has the Green’s function 
G&x, t; 5, T) = eK(t-T) G,,(r, t; 5, T). 
where GO(x, t; 8, T) is the Green’s function for the operator La[r~] = 0 and 
has the equivalent formulations 
Go(x, t; 5, T) = (2/t) 5 exp[-(n z/k)’ (t - T)] sin(rz a/k) < * sin(n T:~)x 
n=1 
and 
G,(x, t; [, T) = $[n(t - ~)]-l/~ f (exp[-(x - E + 2fzQ2j4(t - T)] 
n=--m 
- exp[-(x + 5 + 2n~?)~/4(t - T)]$; 
defined for all X, 6 in [0, e] and -co < T < t < + c%. Recall that this function 
is nonnegative on its domain. Moreover, if f(x, t) is continuous on Dn; Holder 
continuous in x E [0,/l, uniformly with respect to t; and periodic in t with 
period T, then 
is the unique periodic solution of period T to the problem 
-b&l = -fb, a on 52 
u(0, t)’ = u(E, t) = 0, for all t. 
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3. A CONSTRUCIWE EXISTENCE THEOREM 
We shall need the following result for linear problems due to Fife [2], 
which is stated in a form suitable to our purpose. 
LEMMA 3.1 (Fife): r2ssume that the functions a(x, t), 6(x, t), c(x, t), and 
f(x, t) are continuous and periodic in t of period T on 8. Also assume that 
VI(t) and p2(t) are continuous and periodic (period T) on R. Let the following 
conditions hoI& 
(i) a(x, t) > a, > 0 on 0, for some constant a, ; 
(ii) c(x, t) < 0 072 57; 
(iii) 1 a I0 + / b I0 + j c In < n/r , for some constant n/r, ; 
(iv) f(x, t) is locally Hiilder continuous (exponent a) on 51; 
(v) there exists a function @(x, t) in C$+“(~) such that @(O, t) = VI(t); 
@(t, t) = &t), for al2 t. 
Then there exists a unique periodic solution u(x, t) in class Ct’U(a) of the problem 
L[u] = a(x, t)u,, + b(x, t)u$ + c&T, t)u - ut == -f(x, t), on Q 
u(O, t> = qdt>; 44 4 = 9)4(t), for all f. 
We shall also need the following result of Shmulev [lo], again stated 
for one space variable. 
LEMMA 3.2 (Shmulev): Let a(x, t), b(x, t), c(x, t), andf (x, t) be continuous 
and periodic in t with period T on 8. Assume that: 
(i) 1 a [(I + I b [,, + 1 c I,, < Ml, for some constant Ml : 
(ii) a(x, t) > a, > 0 in Q, for some constant a, ; 
(iii) a(0, t) and a([, t) are Lipschitx continuous with Lipschitz constant M, . 
If u(x, t) is a T-periodic solution of 
-WI = -f(% t), on Q 
u(0, t) = u(L, t) = 0, for all t, 
then, for any 0 < v < 1, there exists a positive constant C, depending only 
on V, a, , Ml and M2 , such that 
lul I+” < Clf IO’ 
In order to give the basic constructive existence theorem of this paper, we 
shall impose the following hypotheses on problem (l.l), (1.2): 
(9 
(ii) 
with 
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f(~, t, U) is periodic in t of period T; 
f(~, t, U) is continuous for 0 < N < !‘, t, u E R and satisfies a local 
Holder condition in (x, t) with exponent o and a local Holder 
condition in u, uniformly with respect to t; 
for any (x, t) in Q and ur > ua , -K(u, - z&a) <jf!~~ t, ZQ) - 
f(~, t, 2l.J where K is some positive constant; 
there exists a function @(x, t) in C:+‘(8) such that @(O, t) = 
c&t), @(Z, t) = &t), for all t; 
there exist periodic (period T) functions 01(x, t) and /3(x, t) satisfying 
&J@, 01 > --.f(x, t, 4h^, t)), on $2 (3.1) 
~,[P(“~, t)] < -f(x, t, P(x, t>>, on Q (3.2) 
4% t) d P(x, f), on S 
40, t> d T%(t) < P(O, t), for all t 
44 t> e 9)2(t) G P(4 t), for all t. 
THEOREhl 3.1. Under hypotheses (i)-(v) as stated aboae, problem (l.l), 
(1.2) has a solution u(x, t) in the space C:+‘“(n) which satisjes 
&), t) < U(.% t) < P(% t) on 8. 
Proc$. Consider the equation 
L&d] = 0 on Q 
with boundary condition (1.2). By Lemma 3.1, this problem has a unique 
periodic solution P~(x, t). 
In view of condition (iii), the function KU + j(x, t, a) is monotonically 
increasing in u. If we then define an operator P on the Banach space S by 
f’Pl(~, t) = P&, t> + fz .,c G&i t; E, 7) 
. W(<, T) + f(L 7, +t-7 d)l & lfT> 
this operator will be monotone; i.e., if ~r(z, t) < n.Jx, t) on 8, then 
mIl(% t) < q%l(? t) on 8. 
It is cIear that P[v] is the unique periodic solution to the problem 
L&L] = -f(x, t, 7(x, t)) - Kqx, t) 
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satisfying (1.2) and that P[w] E ct”(@. It follows that a fixed point of P will 
be the desired solution of (I.l), (1.2). 
We proceed to find this fixed point by an iterative procedure. First, we 
shall verify that 
Let 
By condition (zJ), if w(x, t) achieves a positive maximum at a point (Y, 6) in $ 
this point must be an interior point. Consequently, we know that 
W&F, t) = 0, w,(z, r> = 0, w,& t) < 0. 
Hence, we find that 
This contradiction forces the desired assertion. Analogously, it may also be 
shown that 
+, q d Pbl@, t>, on 8. 
We define inductively two sequences of functions: 
Plainly, we must have 
on A? for all 71. Both&} and {.z~> therefore converge pointwise to some periodic 
function: 
lim yn(x, t) = y(x, t); 
x4 m 
pi x,(x, t) = Z(% t> 
with y(x, t) < x(x, t) on D. 
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Let 
Then, we certainly have 
If we can select a subsequence, for example {z,~&x, tj> of (x,,(Y, t)>, which 
converges uniformly on 0, then the sequence (f(~, t, z, &X, t>)> will converge 
uniformly to f(X, t, X(X, t)). 
The Ascoli-Arzela Theorem will yield such a subsequence. Accordingly, 
we must show that (zJ is equicontinuous on 8. In this regard, we let 
and let 
2Yn”(x, t) = x,,(x, t) - p&“, t) 
Then since x,*(x, t) is a periodic solution of 
L,[u] = -f(x, t, zn(x, t)) + Kz,(x, t), 
u(Q, t) == u(C, t) = 0, for all t 
on 9 
with \ x,(x, t)l < M, Lemma 3.2 tells us that 
1 z,*(x, t)(,+, < Cl . iv, II = 1, 2 )...) 
for some positive constant C, , depending on CS, but independent of n. 
It follows from this that the {zn} are (uniformly) equicontinuous on D, and 
furthermore, that there is a uniformly convergent subsequence {.z~& 
giving us 
uniformly on 0. It is then possible to show that 
or equivalently, P[z] = z. Therefore, x(x, t) is a periodic solution of (l.l>, 
(1.2). Of course, it may be shown that y(r, t) is also such a solution. 
As an important special case of Theorem 3.1, we state the following. 
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COROLLARY. Suppose that conditions (i), (ii), (iv), and (v) of Theorem 3.1 
hold. Suppose that f (2, t, u) is nondecreasing as a fumtion of ?I for each (x, t) 
in 8. Then the conclusion of Theorem 3.1 holds. 
4. OTHER EXISTENCE THEOREMS 
Our goal in this section will be to give some explicit conditions on j(X, t, U) 
which allow us to assert the existence of the functions a(~, t) and /3(x, t). 
It will be implicitly assumed that f(~, t, U) is continuous in all its variables 
and periodic in t with period T. We are then able to define 
We then look for functions a(~) and /3(x) which satisfy 
and 
a”(x) +f(x, a(x)) 3 0, o* [O, 4 
Of course, we shall also require that 
&) < j+), on [O, 4 
40) G 91 s +1 G P(O) 
a(L) < p2 < qfJ2 < PV) 
where 
y3i = @g dt); q;i = g% q%(t), 
A fundamental condition imposed onf(x, t, U) is: 
(A) The function f satisfies the inequalities 
j-(X, 4 4 < 44, for 0 < x < I, 
and that 
f(X, t, 4 3 -44, for 0 < x < /, I t I < CO, u d -nzl 
(4.1) 
(4.2) 
1,2. 
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where MI is a positive constant and A(U) is positive, continuous, and satisfies 
a local Lipschitz condition. 
We consider an auxiliary problem 
yn E -A(y) (4.3) 
y(0) = M, y’(0) = 0 (4.4) 
where M is an arbitrary positive constant. Observe that if y(x) is a solution 
of (4.3) on [0, KJ with y(x) > fiTI on [0, L], then Y(X) also satisfies (4.2). 
We shall work with a sequence of nonlinear first order problems: 
dh/ds = -s/A(h) (4.5) 
h(0) = M (4.6) 
and 
ds/dx = -A@(s)) (4.7) 
s(0) = 0. (4.8) 
We let h(s, M) denote the unique solution to problem (4.5), (4.6) and let 
(w-(M), w+(M)) denote its maximal interval of existence. We also let y(x, M) 
denote the unique solution of (4.3), (4.4). 
LEMMA 4.1. Let A(u) b e as in condition (A). Thelzy(x, M) = h(y’(q M), M) 
on the maximal interaal of existence of y(x, M). 
Proof. Since 
(y’)‘(x, M) = -A&, M)) < 0 
on the interval of existence of y(~, M), we know that s z y’(?c, M) has a 
continuously differentiable inverse on that interval, say x = Y(S). Let 
and note that 
h(s) z y@(s), M) 
dhjds =: -s/A(h(s)j. 
This shows that if y(x, M) is the solution of (4.3), (4.4), then y(s, M) is the 
solution of (4.5), (4.6) and s = y’(s, M) is the solution of (4.7), (4.8). Con- 
versely, if s(x) is a solution of (4.7), (4.8) with h(s) == h(s, M) then y(x, IV) E 
h(s(x), M) will be the solution of (4.3), (4.4). 
LEMMA 4.2. Assume that A(u) is as in condition (A). Assume also that 
there exists a constant Mz > 0 such that if M > M2 , then 
s ’ w-(M) [A(h(s, M))]-’ ds > t. 
Then for all M > n/r, , the solution y(x, M) exists en [0, t]. 
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Proof. For simplicity, let y(x) = y(~, M). It is clear that 
s O Y"(5) a 0 44Y'(‘s M)) = ‘%- 
Under the change of variable y’(t) = s = 8, ds = y”(f) @, this may be 
written 
s 
0 
$(,$) A(h(:M)) = .2: 
If y(x) does not exist on [O, 81, but only on [0, w], w < L’, theny’(x) ---t -co 
as x -+ w and we would have the contradiction 
s 
0 ds 
--m A(lz(s, M)) = co < L 
Note that for M > Ma , y(x, M) is a decreasing function of x on [0, t], 
reaching a minimum of ~(8, M). Suppose that there is another constant 
M3 > &I2 such that 
for all M > M.. . We may then let 
and consider the solution ~(3, M*). By this construction ~(3, &P) must exist 
on [0,/l and satisfy 
and 
y”(x, M*) + 3(x, y(x, AI*>, y’(x, MS)) > 0, on LO, 41; 
i.e., p(x) may be chosen to be y(x, M*). 
A suitable Q!(X) may be found in a similar fashion as a solution y(xr , -M) 
to a problem 
yH == A(y) w-9 
y(l) = -Al, y’(f) = 0 (4.10) 
where M is chosen appropriately. 
We state the results of this discussion as a theorem. 
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THEOREM 4.1. Suppose that conditkrns (i)-(iv) of Theorem 3.1 are satisjied. 
Suppose also that there exists some function A(u) satisfying condition (A) and 
the following: 
(B) there exists a constant Mz > 0 such that ifM >, :V& , thm 
s O o-(M) [B(h(s, hi))]-1 ds >G 
and 
s 
w+(M) 
[A(h(s, IV!))]-’ ds > L; 
0 
zohere Ml is as in condition (A). 
Then there is a positive constalrt M such that the function 01(x, t) and ,6(x, t) 
of Theorem 3.1 exist and may be talk to be the solutions of (4.9), (4.10), and 
(4.3), (4.4) respectively. Consequent&, the conchtion of Theorem 3.1 holds. 
The following special case of Theorem 4.1 is tSTpica1 of corollaries which 
give quite explicit conditions on the behavior off(x, t, ZL) which will guarantee 
a constructive solution to (l.l), (1.2). 
THEOREM 4.2. Suppose that hypotheses (i)-(iv) of Theorem 3.1 hold. 
Suppose also that thee exists a positive constants 8, B, and Ml such that 
and 
-rf 1 < &rB-l12 then there exists a solution u(x, t) to problem (1.1), (1.2) which 
is periodic ofperiod T and zohich may be computed by successive approximations. 
Proof. We shall set 
A(u) = A + B / 21 j
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and note that condition (A) is satisfied. Following the proof of Theorem 4.1, 
we consider the problem 
y” = -A - By (4.11) 
y(0) = M, y’(0) = 0 (4.12) 
The solution of this problem will be the y(~, M) as long as the solution 
remains positive. The unique solution to (4.11), (4.12) is 
y(x, M) = [M + A/BIB-l/” cos BWx - A/B 
Note that if 8 < $mB-lls, then cos Bll’x > 0 on [0, /J and there will be a 
constant I& (depending only on fig,, p1 , @a , /, d, B) such that for all 
n/r > Ma , y(~, M) exists on [0,8] and satisfies condition (C). 
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